We address an error in the original paper [1] .
Proposition 3.1 in [1] was incorrect as stated. In particular, the purported implications 2 =⇒ 1 and 3 =⇒ 1 are false; there exists a real closed field R, a Z-ring I ⊂ R, and a ∈ R − I such that p(a) is infinite or in Z for all p(x) ∈ I[x], but there is no Z-ring J such that I ⊂ J ⊂ R and a ∈ J. We thank Emil Jeřábek [2] for pointing out the error and providing the following counterexample. By adding an additional hypothesis to Proposition 3.1, we can salvage a version of the result (which appears in [3] ). This revised version of Proposition 3.1 suffices to prove the main result of the paper Theorem 3.5 (as discussed below). Proof. The proof of the first statement is given in the original paper. We must prove the second statement. We let J ⊂ R consist of the elements of the form p(a) n + z, where p(x) ∈ I[x] has constant term 0, n ∈ N, and z ∈ I. We first show that J is discrete. Let p(a) n + z ∈ J. If p(x) is the zero polynomial, then p(a) n + z = z. Since I is discrete, z ∈ (0, 1). Otherwise, since p(x) + nz ∈ I[x] is a nonconstant polynomial, p(a) + nz is infinite by assumption. Then, p(a)+nz n = p(a) n + z is infinite as well, so J is discrete. Next, we show that J is a Z-ring. Given an element p(a) n + z and m ∈ N, we have p(a) n + z = p(a) nm · m + z m + k, where z = z m + k with z ∈ I and 0 ≤ k < m. We have such a z ∈ I and k ∈ N because I is a Z-ring. Then,
The incorrect portion of Proposition 3.1 is used in Theorem 3.2, Lemma 3.4, and Theorem 3.5. In Lemma 3.4 and Theorem 3.5, Statement (2) of Proposition 3.1 above suffices for the original proofs, as in each application we have that p(a) is infinite for all nonconstant p(x) ∈ I[x] for the appropriate element a and Z-ring I.
The proof of Theorem 3.2 in the original paper, that every countable real closed field R has a maximal Z-ring that is ∆ 0 2 (R) also relied on the incorrect version of Proposition 3.1. It is now unclear whether Theorem 3.2 is true, as Proposition 3.1 does not appear to suffice in this case. We are left with the following question. Question 1. If R is a countable real closed field, is there a maximal Z-ring I ⊆ R such that I is ∆ 0 2 (R)? This question is interesting in its own right. However, by Theorem 3.5, a maximal Z ring for R may not be an integer part for R. Thus, finding an affirmative answer to Question 1 would not directly provide a ∆ 0 2 (R)-integer part for R, the original motivating problem for this work.
